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Abstract

The color number c(G) of a cubic graph G is the minimum cardinality of a color
class of a proper 4-edge-coloring of G. It is well-known that every cubic graph G
satisfies c(G) = 0 if G has a Hamiltonian cycle and c(G) ≤ 2 if G has a Hamiltonian
path, respectively. In this paper, we extend those results by obtaining a bound for the
color number of cubic graphs having a spanning tree with bounded number of leaves.
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1 Introduction

Edge-coloring of cubic graphs are extensively studied in the past few decades. Several
theorems and conjectures on edge-coloring of cubic graphs were formulated.

In this paper, we deal with only simple graphs, that is, graphs without multiple edges
nor loops. Let G be a graph with vertex set V = V (G) and edge set E = E(G). A k-edge-
coloring of G is a mapping f : E(G) → {1, 2, . . . , k}. If f(e) 6= f(e′) for any two adjacent
edges e and e′, then f is a proper k-edge-coloring of G. A graph is k-edge-colorable if it has
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a proper k-edge-coloring. The edge-chromatic number χ′(G), also known as the chromatic
index, of a graph G is the least k such that G is k-edge-colorable. Let ∆ = ∆(G) be the
maximum degree of G. Vizing’s theorem [12] states that each graph has the edge-chromatic
number ∆(G) or ∆(G) + 1. By Vizing’s theorem, the set of cubic graphs is divided into two
classes; A cubic graph is said to be class 1 if χ′(G) = 3 and class 2 if χ′(G) = 4, respectively.

Since class 2 cubic graphs, in particular snarks, which is defined to be a connected
class 2 cubic graph with certain connectivity condition, are closely related to several famous
conjectures, such as Cycle Double Cover Conjecture [11] and Berge-Fulkerson Conjecture [4],
those graphs have attracted by many researchers. To study such conjectures, it is important
to measure how far apart a given class 2 cubic graph is from being class 1. The natural
measure is the color number or sometimes called the resistance of a cubic graph G, denoted
by c(G), which is the minimum number of edges whose removal from G yields a 3-edge-
colorable graph. The color number is equivalent with the minimum cardinality of a color
class of a proper 4-edge-coloring of G. Note that a cubic graph G is 3-edge-colorable if and
only if c(G) = 0. See [3] for more measures.

It is well-known that every cubic graph with Hamiltonian cycle is 3-edge-colorable, that
is, c(G) = 0. This fact can be extended to the following, see [13, p. 37].

Theorem 1 Let G be a cubic graph. If G has a Hamiltonian path, then c(G) ≤ 2.

Note that the bound c(G) ≤ 2 is best possible: For example, the Petersen graph has
a Hamiltonian path and the color number exactly two. With this relation in mind, we are
interested in a property related to the Hamiltonicity such that all cubic graphs satisfying that
property has a small color number. In this paper, we show that the existence of a spanning
tree with bounded number of leaves is in fact such a property. Actually, the following is the
main theorem, which is an extension of Theorem 1.

Theorem 2 Let k be an integer at least 2, and let G be a cubic graph. If G has a spanning
tree with at most k leaves, then c(G) ≤ 2k − 2.

The proof of Theorem 1 is easy; We first color all edges in a Hamiltonian path alternately
by blue and green. For each end vertex v of the Hamiltonian path, choose one edge incident
to v, and color the two chosen edges by violet. All other edges form a matching, so we can
color them by red. This gives a proper 4-edge-coloring with only two edges of violet color.
However, the proof of Theorem 2 is not so simple since the more violet edges required, the
more careful we are so that the chosen violet edges actually form a matching. In our proof,
we solve this issue by taking a suitable partition of a spanning tree, see Lemma 4.

In the rest of this paper, we prove Theorem 2 in the next section. In Section 3, we discuss
the best possibility of the bound in Theorem 2 and the relation to a well-known parameter
called oddness of a cubic graph.

2 Proof of the main theorem

The main idea for the proof of Theorem 2 is to use a path-factor of a graph, which is a
spanning subgraph F such that every component in F is a path of order at least two. Note
that a path-factor can be also regarded as a set of pairwise vertex-disjoint paths. A path-
factor in a graph has been studied in some literature (e.g. [6]). We use the following lemma
to find a path-factor with few paths in a tree having a bounded number of leaves.
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To state our lemma, we need the following definition. A tree T is said to be special if it
is recursively obtained by the following operations.

• The trivial tree, that is the tree consisting of only one vertex, is a special tree.

• Let T be a special tree and let v be a vertex in T of degree at most two. If we add three
new vertices u, `1, `2 together with three new edges uv, u`1, u`2, then the obtained tree
is also special.

Some examples of special trees are shown in Figure 1. The graph K1,3 in Figure 1 (a)
is the second smallest special tree. The trees T1 and T2 in Figure 1 (b) and (c) are special
trees obtained from the trees in (a) and (b), respectively, by applying the above operation
along the corresponding vertices. The tree T in Figure 1 (d) is a special tree obtained by
recursively applying the above operation. Note that in the operation to construct special
trees, the vertices v and u have degree at most three and exactly three in the obtained tree,
respectively. In addition, it is easy to see the following fact, which will be used later.

Fact 3 In any special tree T , no vertex of degree at most two is adjacent with a vertex of
degree at most two.

(b) The special tree T1(a) The special tree K1,3 (c) The special tree T2

(d) A special tree T
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Figure 1: Examples of special trees

Lemma 4 Let T be a tree of maximum degree at most three. If T is not special, then T has
a path-factor with at most k paths, where k is the number of leaves in T .
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Proof of Lemma 4. Let T be a tree of maximum degree at most three that is not special.
We prove this lemma by the induction on k, where k is the number of leaves in T . If k = 2,
the statement trivially holds. Thus, we may assume that k ≥ 3.

For each leaf `, we take a path Q` in T from ` to the vertex of degree three such that Q`

contains no other vertex of degree three. Such a path is uniquely determined. Since k ≥ 3,
there are two leaves `1 and `2 such that Q`1 and Q`2 share an end vertex, say u.

Suppose first that at least one of Q`1 and Q`2 , say Q`1 , has three or more vertices. Let
T ′ = T − V

(
Q`1 − u

)
. Note that u has degree two in T ′, and hence T ′ has at most k − 1

leaves. Furthermore, since the neighbor of `2 in T ′ is contained in Q`2 , `2 is adjacent with
a vertex of degree two in T ′. It follows from Fact 3 that T ′ is not a special tree. Thus, by
induction hypothesis, T ′ has a path-factor F ′ with at most k − 1 paths. Then, by adding
Q`1 − u to F ′ we obtain a path-factor of G with at most k paths.

Therefore, we may assume that both of Q`1 and Q`2 have two vertices. Let P be the
path obtained by the concatenation of Q`1 and Q`2 at u. Note that P consists of the three
vertices `1, u and `2. Let T ′ = T − V (P ). Note that T is obtained from T ′ by adding three
vertices u, `1, `2 together with three new edges uv, u`1, u`2, where v is the neighbor of u in
T other than `1, `2. Thus, if T ′ is special, then it follows from the definition of special trees
that T is also special, a contradiction. Thus we may assume that T ′ is not special. By induc-
tion hypothesis, T ′ has a path-factor F ′ with at most k− 1 paths. Similarly to the previous
case, we obtain a path-factor with at most k paths. This completes the proof of Lemma 4. �

The converse of Lemma 4 can be proved by the standard induction on the number of
steps we performed when we construct special trees. Since we do not use this statement for
the proof of our main theorem, we leave its proof for the reader.

Now, we are ready to prove Theorem 2.

Proof of Theorem 2. By Theorem 1, we may assume that k ≥ 3. Let G be a cubic graph.
Assume that G has no spanning tree with k − 1 leaves, and let T be a spanning tree of G
with k leaves. We first prove the following claims.

Claim 1 The leaves in T are pairwise nonadjacent.

Proof : If two leaves `1 and `2 are adjacent in G, then by adding the edge `1`2 into the
tree T and removing a suitable edge, we obtain a spanning tree of G with k − 1 leaves, a
contradiction. Thus, any two leaves are nonadjacent. �

Claim 2 T is not a special tree.

Proof : Suppose on the contrary that T is a special tree. Note that T has k leaves, which
implies that the number of vertices of degree three is k−2. By Fact 3, the number of vertices
of degree two in T is at most k − 3.

Exactly 2k edges in G \ E(T ) in total are incident with the leaves of T . Since there are
at most k− 3 vertices of degree two in T , there are at most k− 3 edges in G \E(T ) that are
incident with the vertices of degree two. Hence, at least 1

2
(k+ 3) edges in G \E(T ) connect

two leaves of T , which contradicts Claim 1. Thus, T is not a special tree. �

By Lemma 4, T has a path-factor F with at most k paths. Note that F is a path-factor
also in G. We take such a path-factor in G with as few paths as possible.
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Let S be the set of end vertices of paths in F . Note that |S| ≤ 2k. By the choice of F ,
no two vertices in S are adjacent in G except for the case that they are end vertices of the
same path in F .

First, color the edges of the paths in F with blue and green alternately. Let H =
G−E(F ), and we will color the edges in H by red and violet appropriately. Note that each
vertex in S (resp. not in S) has degree exactly two (resp. one) in H. Since no two vertices
in S can be adjacent except for the case that they are end vertices of the same path in F ,
H is a vertex-disjoint union of paths each of which has at most four vertices. Then we can
color all edges in H with red and violet alternately, and in particular, if we use violet on as
few edges as possible, every violet edge is incident to a vertex in S. Thus, there are at most
2k violet edges, and this completes the proof of Theorem 2. �

3 Conclusion

In this paper, we show Theorem 2 which states that any cubic graph containing a spanning
tree with at most k leaves has the color number at most 2k − 2, which is an extension of
Theorem 1. The bound “2k − 2” in Theorem 2 is best possible, in the sense of the next
theorem.

Theorem 5 For each k ≥ 2, there is a 3-edge-connected cubic graph G such that G has a
spanning tree with k leaves and c(G) = 2k − 2.

Proof : Let P ∗ be the Petersen graph with one vertex removed. It is easy to see that P ∗

does not admit a 3-edge-coloring. Let n = k − 1. For i ∈ {1, 2, . . . , n}, let Pi and P ′i be the
copies of P ∗, and let ui, vi, wi (resp. u′i, v

′
i, w

′
i) be the vertices of degree two in Pi (resp. P ′i ).

For any i ∈ {1, 2, . . . , n}, add edges wiui+1, viv
′
i, u
′
iw
′
i+1, where the subscript is taken modulo

n, to obtain a 3-edge-connected cubic graph G as shown in Figure 2.
Consider a 4-edge-coloring of G. Since each copy of P ∗ must contain all of the four colors,

we see that c(G) ≥ 2n. On the other hand, it is straightforward to check that G admits a
4-edge-coloring for which there are only 2n edges of the fourth color (so that each copy of
P ∗ contains one edge of the fourth color). This implies that c(G) = 2n = 2k − 2.

Thus, it remains only to show that G has a spanning tree with k leaves. It is easy to see
the following:

• P1 contains a spanning subgraph Q1 such that u1 is a vertex of degree 0 in Q1 and
Q1 − u1 is a Hamiltonian path in P1 − u1 connecting v1 and w1.

• P ′1 contains a spanning subgraph Q′1 corresponding to Q1.

• For 2 ≤ i ≤ n, Pi has two vertex-disjoint paths Ri and Si such that Ri connects ui
and wi, Si connects vi and some vertex and paths Ri and Si contain 4 and 5 vertices,
respectively.

• For 2 ≤ i ≤ n, P ′i has a spanning tree T ′i such that its leaves are precisely u′i, v
′
i and w′i.

Then from Q1 ∪ Q′1 ∪
⋃n

i=2 (Ri ∪ Si ∪ T ′i ) by adding the edges wiui+1, viv
′
i, u
′
iw
′
i+1 for i ∈

{1, 2, . . . , n}, where the subscript is taken modulo n, we obtain a spanning tree T as shown
in Figure 3. Note that each Pi with 2 ≤ i ≤ n contains exactly one leaf that is an end vertex
of Si other than vi, and there are no other leaves except for u1 and u′1. This implies that T
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Figure 2: A 3-edge-connected cubic graph G

has n+ 1 = k leaves. This completes the proof. �

Before closing this paper, we discuss the relation to the oddness of a cubic graph. The
oddness of a cubic graph G, denoted by ω(G), is the smallest number of odd cycles in a
2-factor, where a 2-factor is a spanning subgraph in which every vertex has degree 2. This
is a measure how far apart a given class 2 cubic graph is from being class 1, other than the
color number. Since it has been shown that cubic graphs with small oddness have several
good properties (see [5] for example), the oddness has been widely studied.

For a cubic graph G, it is clear that ω(G) ≥ c(G) from the definition, and shown that
ω(G) = 2 if and only if c(G) = 2 [9, Lemma 2.5]. Therefore, it is natural to think whether we
obtain the bound on ω(G), instead of the bound on c(G) in Theorem 2, if G has a spanning
tree with at most k leaves. We leave this as an open problem.

Problem 6 Find an upper bound on ω(G) for a cubic graph G having a spanning tree with
at most k leaves.

Note that the gap between ω(G) and c(G) can be arbitrary large even for snarks (that
is, for cubic graphs assuming certain connectivity conditions). In fact, Allie [1] proved that
there is no constant k such that ω(G) ≤ kr(G) holds for for every cubic graph G.

On the other hand, the cubic graph G constructed in the proof of Theorem 5 satisfies
ω(G) = 2k − 2. This can be seen as follows (we use the same notation as in the proof of
Theorem 5): Each Pi contains vertex-disjoint subgraphs Ci and Qi such that Ci is a cycle of
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Figure 3: A spanning tree T of the cubic graph G in Figure 2

order 5 and Qi is a path connecting ui and wi of order 4. Then we have the cycle of order
4n that is obtained by the union of Qi for 1 ≤ i ≤ n together with the edges wiui+1 taken
module n. This cycle and the n cycles Ci’s contain all vertices in

⋃n
i=1 Pi. Similarly, we can

take the cycle of order 4n and the n cycles of order 5 symmetrically in
⋃n

i=1 P
′
i , and hence

G has a 2-factor with 2n odd cycles. This shows that ω(G) ≤ 2n. Since any 2-factor of G
must contain a cycle of order 5 in each Pi and P ′i , we also have ω(G) = 2n.

Therefore, as a possible answer to Problem 6, it might be true that ω(G) ≤ 2k − 2 for
any cubic graph containing a spanning tree with at most k leaves.

References

[1] I. Allie, Oddness to resistance ratios in cubic graphs, Discrete Math. 342 (2019) 387–
392.

[2] G. Fan and A. Raspaud, Fulkerson’s conjecture and circuit covers, J. Combin. Theory
Ser. B 61 (1994) 133–138.

[3] M.A. Fiol, G. Mazzuoccolo and E. Steffen, Measures of edge-uncolorability of cubic
graphs, The Electron, J. Combin. 25 (2018) 1–35.

7



[4] D.R. Fulkerson, Blocking and antiblocking pairs of polyhedra, Math. Program. 1 (1971)
168–194.

[5] A. Huck and M. Kochol, Five cycle double covers of some cubic graphs, J. Combin. The-
ory Ser. B 64 (1995) 119–125.

[6] M. Las Vergnas, An extension of Tutte’s 1-factor theorem, Discrete Math. 23 (1978)
241–255.

[7] R. Lukot’ka and J. Mazák, Weak oddness as an approximation of oddness and resistance
in cubic graphs, Discrete Appl. Math. 244 (2018) 223–226.

[8] G. Mazzuoccolo, The equivalence of two conjectures of Berge and Fulkerson, J. Graph
Theory 68 (2011) 125–128.

[9] E. Steffen, Classification and characterizations of snarks, Discrete Math. 188 (1998)
183–203.

[10] E. Steffen, Measurements of edge-uncolorability, Discrete Math. 280 (2004) 191–214.

[11] G. Szekeres, Polyhedral decomposition of cubic graphs, Bull. Aust. Math. Soc. 8 (1973)
367–387.

[12] V. Vizing, On an estimate of the chromatic class of a p-graph, Diskret. Analiz. 3 (1964)
9–17.

[13] C.Q. Zhang, Circuit double cover of graphs, Cambridge University Press, Cambridge,
United Kingdom, 2012.

8


