Forbidden induced subgraphs for star-free graphs
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Abstract

Let H be a family of connected graphs. A graph G is said to be H-free if G is H-free
for every graph H in H. In [1] it was pointed that there is a family of connected graphs
H not containing any induced subgraph of the claw having the property that the set
of H-free connected graphs containing a claw is finite, provided also that those graphs
have minimum degree at least two and maximum degree at least three. In the same
work, it was also asked whether there are other families with the same property. In
this paper we answer this question by solving a wider problem. We consider not only
claw-free graphs but the more general class of star-free graphs. Concretely, given t > 3,
we characterize all the graph families H such that every large enough H-free connected
graph is Kj :-free. Additionally, for the case t = 3 we show the families that one gets
when adding the condition |#| < k for each positive integer k.
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1 Introduction

In this paper we only consider simple finite graphs. Let G be a connected graph. Given a
connected graph H, G is said to be H-free if G does not contain H as an induced subgraph.
Given a family of connected graphs H, G is said to be H-free if G is H-free for all H € H.
Let §(G) and A(G) denote the minimum and the maximum degree of G, respectively.

If we have several families of forbidden subgraphs implying some given property, it is
important to compare them to understand which families lead to more general results.
Concretely, if we have two families of graphs F; and F», and all F;-free graphs are also
Fo-free graphs, then we can say that F5 is more general, in the sense that a result that
states that all Fa-free graphs satisfy some property is more general than one that says that
all Fi-free graphs satisfy the same property.

To do such comparisons, one can define some notion of order between forbidden families
of graphs. The usual order used is to define that a family 5 is bigger than another family J;
if for each graph H in F3, there is a graph in /7 that is an induced subgraph of H. But the
authors of [1] showed that sometimes a simple comparison by “inclusion of graphs” between
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families might not be enough. Consider the following theorem about graphs having a 2-
factor (see Sections 2 and 4 for graph definitions). Remember that a 2-factor is a spanning
subgraph with every vertex having degree two.

Theorem 1 ([1]). Let G be a connected graph with §(G) > 2 and A(G) > 3.
(i) If G is {Za,3, K1 3}-free then G has a 2-factor.
(ii) If G is {Za3,Ys, W3, Ko 3}-free and |V (G)| > 9 then G has a 2-factor.

Because Z 3 is an induced subgraph of it self, and all three graphs Yy, W3 and Ko 3
contain a K 3 as an induced subgraph, we can say that (ii) is more general than (i). But
on the other hand, we have the following result.

Theorem 2 ([1]). Let G be a connected graph with §(G) > 2 and A(G) > 3. If G is
{Zs3, Y4, W3, Ko 3}-free and |V (G)| > 9, then G is K1 3-free.

Theorem 2 says that {Zs 3, K1 3 }-free graphs and {Zs 3, Ys, W3, Ko 3 }-free are essentially
(under some conditions) the same. This is not clear just by looking at the graphs in the
families.

Another interesting point about Theorem 2 is that even though no graph of the family
H = {Z2,3,Y47W237K2}3} is an induced subgraph of K3, when considering the #H-free
graphs under certain conditions, the graph K; 3 is also forbidden. The authors of [1] were
interested in finding a family of forbidden subgraphs implying a 2-factor that does not
contain a star. But even though there is no star in {Y, Zs 3, w3, K3}, by Theorem 2 it
is somehow implicitly forbidden. That is why the authors of [1] called this phenomenon
implicit forbiddance.

In the view of the previous results, in order to get more information of the implicit
relation between families of forbidden subgraphs, it is important to research further this
phenomenon. As a first step, we consider the case of K s3-free graphs, also in an effort to
try to extend Theorem 2. We do so also because claw-free graphs have been widely studied
in the literature, as they are closely related to line graphs, and on the other side, there are
many interesting results in connection with matching theory and hamiltonian graph theory
(see for example [6] for a survey on claw-free graphs). In this paper, we actually consider a
more general class, star-free graphs. Concretely, we consider the following problem. Given
t > 3, characterize all the families of connected graphs H such that every large enough
‘H-free connected graph is K ;-free. In this paper, we solve this problem for every t > 3.

The rest of the paper is organized as follows. In Section 2, we make all needed definitions
and present our main results. In Section 3, we give the proofs for those results. In Section
4, we consider restricting the size of the family of forbidden subgraphs for the case t = 3.
Concretely, we characterize the families of forbidden subgraphs H with |H| < k for each
k > 1. See Section 4 for a formal statement of the problem. In Section 5, we give the proofs
for the theorems presented in Section 4. In Section 6, we show an application of our results.
Finally, in Section 7 we make some discussion, propose some open questions and comment
on the cases t =1 and t = 2.

2 Definitions and main results

If H; and H; are two connected graphs, we write H; = Hs to indicate that H; is an induced
subgraph of Hs. We say that a family of connected graphs H is redundant if there are two
different graphs Hi, Ho € H such that H; =< Hs. It is easy to see that we can restrict our
problem to considering only non-redundant families.

Define G as the set of all non-redundant families of connected graphs. Let t > 3 and
define H(t) as the set of families H € G such that there is a constant ng = no(t, H) with
the property that all H-free connected graphs G with |V (G)| > ng are K; ;-free. Then, our
problem is reduced to finding all the elements in the set H(¢).



We define a binary relation “<” in G as follows. For H;, Ho € G, we say that Hq < Ho
if for each Hy € Ho, there is an H; € H; such that H; =< Hs. It is easy to see that the
relation “<” defines a partial order in G. Furthermore, if H; < H, then any Hi-free graph
is also an Ho-free graph (see for example Lemma 3 of [10]).

K, is the complete graph on n vertices. P, is the path on n vertices. K, ,, is the
complete bipartite graph with partite sets on n and m vertices.

Let t > 2. To state our results we define the following graphs (see Figure 1).

Y, is a path on m vertices with ¢ — 1 extra vertices attached to the first vertex of the
path. The last vertex of the path is called the tail of Y;i. (m > 1)

Yfm is the graph obtained by joining s degree one vertices of a K;; with the first
vertex of the path on m vertices. The last vertex of the path is called the tail of Y/,
(m>1,1<s<t)

?stym is the graph obtained by joining s degree one vertices of a K;; with the first
vertex of the path on m vertices and adding the edge between the center of the K ;

and the first vertex of the path. The last vertex of the path is called the tail of lA/stm
(m>1,1<s<t)

th is the graph obtained by completely joining a K, with ¢ independent vertices.
(¢>1)

T;q is the graph obtained by joining s degree one vertices of a K ; with all the vertices
ofa Ky (¢>1,1<s<%)

Dt ¢ is the graph obtained by joining s degree one vertices and the center of a K ;

with all the vertices of a K. (¢ > 1,0 <s<t)

2ty vr Ly and Z! . are the graphs obtained by identifying a vertex of a K, with

S, m,r
the tail of a V!, Y?,  and Yt . respectively. (m>1,r>1,1<s<t)

s5,m’

For t > 3, define the following families of graphs.

THe) ={T{p2<s<t—1}
q)—{D 1 2<s<t—1}.
Vim) ={Y},:2<s<t—-2}.
Ztm,r)={2t,,,2<s<t—2}.
37t(m)={ﬁim:2§sgt—2}.

Zim,r)={2t, , 2<s<t—2}.

VZHm,r) = Yi(m+2)UZH1,r)U.. .UZ(m,r) UV (m+2)UZL (1, r)U. . .UZ (m, 7).
H (m, 1 q,r) = {K1, Wiy U{Y o, 28 o 20, 3 U T (@) UDYg) UYZ (7).

Notice that for the case t = 3, Y(m), Z'(m,r), Y'(m) and Z'(m,r) are empty and both
T*'(g) and D!(g) have only one element.

For t > 3, define the following subset of G.

F(t)={HeG: H<H(mq,r)forsomem>11>t+1,¢q>2r>3}



Figure 1: Some forbidden subgraphs

Our main result in this paper is the following theorem. It gives the characterization of
families of forbidden subgraphs for star-free graphs we described in Section 1.

Theorem 3. Lett > 3, then H(t) = F(t).

For our proofs we need the following definitions. For terminology and notation not
defined in this paper, we refer the reader to [4].

Let G be a connected graph. For v € V(G), define N&(v) = { € V(@): the distance
from v to w is exactly i}. Notice that N&(v) = {v} and NG(v) Ng(v). If the graph G is
obvious from the context, we sometimes write N*(v) for N5 (v).



A clique of a graph is a set of pairwise adjacent vertices, and an independent set is a
set of pairwise nonadjacent vertices. For two positive integers [ and r, the Ramsey number
R(l,r) is the minimum positive integer R such that any graph of order at least R contains
either an independent set of cardinality [ or a clique of cardinality r. The Ramsey number
R(l,r) exists for every positive integers [ and r (see for example [4]).

If G is a graph and S C V(G), for S’ C S, define Bg(S") = {v € V(G) : N(v)NnS = 5"}

Observation: if for some N C V(G), there is a constant k such that for every S’ C S,
|IN N Bs(S")| < k, then |N| < 25! . k (remember that the number of subsets of a set S is
218 |). We will implicitly use this fact in the proofs of several lemmas in section 3.

3 Proof of Theorem 3

First, we will prove the following theorem that shows that forbidding some family of F(t) is
enough to imply that the graph is star-free provided it is large enough.

Theorem 4. Lett > 3. Then F(t) C H(t).

Before giving the proof, we would like to comment on non-redundancy of the family
Ht(m,l,q,r). It is not difficult to check that the family H!(m,[,q,r) is non-redundant for
the parameters used in the definition of F(t) (m > 1,1 > ¢t+1, ¢ > 2, r > 3). These
conditions were chosen so that H!(m,[,q,r) is not redundant nor it contains any induced
subgraph of K ;. Moreover, reducing by 1 any of the constants in the condition would make
H'(m,1,q,r) either redundant or contain an induced subgraph of K ;. For example, if ¢ = 1
then for all m > 1 and all 1 < s <t we have that T¢ , X Y{,, and T¢ , < Z!,; additionally
Whisa K.

We divide the proof of Theorem 4 in several lemmas that we state and prove bellow.

Lemma 5. Let t > 3 and let G be a graph with an induced K of center xo. If G is
({Y.L} U Yi(m) U Yt(m))-free for some m > 3, then N™ 1 (xq) = 0.

Proof. Let Y C V(G) with Y| = ¢, such that {xo} UY is an induced K; . in G. Suppose
that N™*1(xg) # (. We will show that G contains a Y,!, some graph of Y!(m) or some
graph of JA)t(m), which is a contradiction.

Let k = m+1 and let P = xpx; -+ 25 be an induced path of G with 2; € Ni(xq) for
all 0 < i < k. Notice that N7(zo) N N(Y) = 0 for all 3 < j < k. Otherwise, an element
v € N¥(x9) N N(Y) would have a path of length 2 to o, passing through some element of
Y, contradicting that v € N7(xq). Then N(Y) N P C {xg, x1, 22}

Let Y1 = N(z1)NY and Yo = N(z2)NY. If [Ya| > ¢t — 1, then Yo U {xo,...,Zm41}
contains a Y. If 2 < |Va| <t — 2, then (Y — Y3) U{xo} UYo U{za,..., 21} isa Y], ,
where s = |Ya|. If |Y3| = 1, then (Y — Y2) U{zo} UYa U {xa,..., 21} isa V!

Suppose now that |Y2| = 0, that is N(z2)NY = 0. If |Y1| > ¢ —1, then Y1 U{z1,...,Zm}
contains a Y;'. If 2 < |Y;| < t—2, then (Y — Y1) U{zo} UY; U{z1,..., 2} is a Y, where

s,m?

s=|Yq|. If |Y1| <1, then (Y — Y1) U{zo,...,Tm_1} contains a Y. O

Lemma 6. Let t > 3 and let G be a graph with an induced K, + of center xo. Suppose
that G is ({Kl,hZf,r,th} U D(q))-free for somel >t+1,r >3, ¢ > 2. Then |N(zo)| <
2t - R(l, max(r, q)).

Proof. Let Y C V(G) with |Y| = ¢, such that {zo} UY is an induced K;,; in G. Let
Y’ CY. We will show that |N(zo) N By (Y')| < R(l,max(r,q)), and since |Y| = ¢ we get
that |N(zo)| < 2! - R(I, max(r,q)).

If Y| <1,then Y —Y’| > ¢t—1 and so |[N(zg) N By (Y’')| < R(l,r), since otherwise
(Y =Y")U{zo} U(N(x0) N By (Y')) contains a Zj . or a K.

If 2 < |Y'| <t—1, then |N(z¢) N By (Y")| < R(l,q), since otherwise Y/ U (Y —Y') U
{0} U (N(z0) N By (Y”)) contains a DY, , or a Ky, where s = [Y”|.



If |Y'| = t, then |N(x9) N By(Y")| < R(l,q), since otherwise Y/ U (N(z¢) N By (Y"))
contains a Wg ora K. O

Lemma 7. Lett > 3 and let G be a graph with an induced K, of center xy. Suppose that
G is {Ki., 21 ,,25,,WitU ZY(1,7) UT(q))-free for some l > t+1, 7 >3, ¢ >2. Then
IN?(z0)| < 2¢ - R(l, max(r. )) - [N (xo)].

Proof. Let Y C V(G) with |Y| = ¢, such that {20} UY is an induced K;, in G. Let
x1 € N(x9). Let Y/ C Y. Let N = N?(z9) N N(x1). It suffices to show that [N N By (Y')| <
R(l,max(r,q)).

If Y| =1, then |Y —Y’/| = ¢t —1 and so |N N By(Y')| < R(l,r), since otherwise
(Y =Y")U{zo} UY'U (N N By(Y’)) contains a Z3 . or a K.

If 2 <|Y'| <t—1,then [NNBy(Y’)| < R(l,q), since otherwise (Y —Y") U {zo} UY' U
(N N By (Y")) contains a T? , or a K, where s = [Y”|.

If |Y'| = ¢, then [N N By (Y')| < R(l q), since otherwise Y’ U (N N By (Y”)) contains a
Wq ora K.

Suppose now that |Y’| = 0, that is NN By (Y')NN(Y) = ). Notice that if z; € Y, then
NN By (Y’) = 0. Then we may suppose that 1 ¢ Y. Let Y1 =Y N N(z1).

If |Y1| > t — 1, then |N N By (Y’)| < R(l,r), since otherwise Y7 U {z1} U (N N By (Y"))
contains a Zf . or a K.

If 2 <Y1 <t -2, then [N N By (Y')| < R(l,r), since otherwise (Y — Y1) U{zo} UY1 U
{z1} U (N N By (Y’)) contains a Zé 1, or a Ky, where s = [Y7].

If Y] < 1, then |Y — Yi| > t—1 and so I[N N By (Y’')| < R(l,r), since otherwise
(Y = Y1) U{zo,21} U(N N By(Y’)) contains a Z5 . or a Ky . O

Lemma 8. Lett > 3 and let G be a graph with an induced K1 ¢ of center xo. Let i > 2 and
suppose that G is ({K1,, Z} Zty Zi  yUZHi—1,m)U 20, 7))-free for some | >t +1

1—1,r “i,r

and v > 3. Then [Nt (z0)| < R(l,7) - |[N*(x0)|.

Proof. Let Y C V(G) with |Y| = ¢, such that {z0} UY is an induced K7, in G. Let
z; € N'(z) and let xoz; -+ x; be an induced path with z; € N7(z) for all 0 < j < 4. Let
N = N*L(zg) N N(x;). It suffices to show that |[N| < R(l,7).

Let Y1 = YNN(x1) and Y2 = YNN(x2). Asin the proof of Lemma 5, for all 3 < j <i+1,
NIi(x)NN(Y) = 0.

If |Ya| > t—1, then |N| < R(l,r), since otherwise Yo U{za,...,2z;} UN contains a Z!_, .
or a K.

If 2 < |Y3| < t—2, then |[N| < R(l,r), since otherwise (Y —Y3)U{zo }UY2U{z2, ..., z; JUN
contains a Z!; . or a Ky, where s = |Y3|.

If |Y3| = 1, then |N| < R(l,r), since otherwise (Y —Y2) U{zo} UYa U {za,...,2,} UN
contains a Zf,; . or a K.

Suppose now that |Ya| = 0, that is N(z2) NY = 0.

If [Y1| > ¢ — 1, then |[N| < R(l,r), since otherwise Y1 U {x1,...,2;} UN contains a Zf,
or a K.

If2 < Y| < t-2, then [N| < R(l,r), since otherwise (Y —Y1)U{wo }UY1U{z1, ..., 2 JUN
contains a Zﬁ i Or a K1, where s = [Y1].

If [Yi| < 1, then [Y — Y;| > ¢t — 1 and so |N| < R(l,r), since otherwise (Y — ;) U
{zo,...,z;} U N contains a Zf,; . or a Ky . O

We use the above lemmas to prove Theorem 4.

Proof of Theorem 4. Let H € F(t). Let m > 1,1 > t+ 1, ¢ > 2 and r > 3 such that
H < H!'(m,l,q,r).

Let G be an H-free connected graph. Suppose that there is an induced K ; of center
xo. We will show that |V (G)| is bounded by a function depending only on t,1,m,q and r.



Notice that since G is Y}},  o-free, then G is Z  -free for all i > m+1. Since we also know
that G is nyr—free for all 1 < i < m, we conclude that G is Zf’r—free for all i > 1. Using

a similar argument, we have that G is Z'(i,r)-free and Zt(i,r)-free for all i > 1. Thus, G
satisfies all the conditions of Lemmas 5, 6, 7 and 8.

By Lemma 5, N™*1(z) = (). Then we only need to show that N’(z) is bounded for all
1 <i < m. By Lemmas 6 and 7, N(x) and N?(x) are bounded. By Lemma 8, |[N**1(z)| <
R(l,7) - |Ni(x)| for all 2 < i < m — 1. Using an inductive argument we get that |[N%(z)| <
R(l,7)"=2 - |N?(x)| for all 3 <i < m. We conclude that |[N(z)| < R(l,7)™~2 - |N?(x)| for
all 3 <i<m. O

Finally, we prove our main theorem.

Proof of Theorem 3. By Theorem 4, we already know that every family of graphs in F(t)
is also in H(¢). It remains to show that every family of graphs in H(#) is also in F(¢).

Let H € H(t). Then there is a positive integer ng such that every H-free connected
graph of order at least ng is K 4-free. Let n be an integer such that n > max(ng,t + 1).

Consider the family H' = H!(n,n,n,n). All the graphs in H’ are connected graphs of
order at least ng containing an induced K7 ,. Then it must be that no graph of H’ is H-free.
In other words, for each H' € H’, there is an H € H such that H < H’. But this is exactly
the definition of H < H'. Then since H' is in F(t), we conclude that # is also in F(¢). O

4 Restricting the size of the family of forbidden sub-
graphs

When searching for families of forbidden subgraphs implying some property on graphs, it
is usual to start by restricting the size of the family of forbidden subgraphs. The reason
for that is that it makes easier to deal with the problem and it also provides partial but
self-contained results. See [3, 7, 8, 9, 12, 13] for examples of papers using this technique.

In this section, we show the families that we obtained for each possible size of the family.

Concretely, we add the condition |H| < k to some family H € H(t) for some positive
integer k. We restrict ourselves to the case t = 3 (claw-free graphs) which has been widely
studied in the literature. We characterize such families for each k£ > 1. In other words, for
each k > 1, we characterize the families # € H(3) such that [#| < k. The result of the
characterization is expressed in Theorem 9.

To state and prove the result, we do some notation changes in graph names to reduce the
number of subindices and superindices.

oV, isY3.
Ty is Z3, ..
o D, is Dqu.
o T, is TQ‘S(I
We also define some additional graphs.

e Z— _is the graph obtained by identifying a vertex of a K, with the end vertex of a

m,r

path on m + 1 vertices.
e T is T, with the only vertex of degree one of T, removed.
Define the following families of graphs.
o HiAl,q,r) ={K11,Yis2, W2, Z1 ..., Zip} (for i > 1).



o HE(L,m,q,r) = {K11,Ym, W2, Z1p,..., Zi—1, Z;,} (for i > 2).
o HE(l,q,r) = {K11,Yig2, W2, Dg, Ty, Z1 ..., Zi o} (for i > 1).
o HP(l,m,q,7) = {Kl’hYm,W;’,Dq,Tq, ZiwseeosZic1e, Zip} (fori > 3).
Define the following subsets of G.
e Fi={HeG: H<{Ki3}}
e Fs={HeG: H<{Ky,,Y,, K.} forsomel>4, m>3andr>3}
e Fy={HeG: HL {Kl,l;Ym;W;aZ;’T} for some >4, m >3, ¢ > 2 and r > 3}.

F;={HeG:HL {K171,P4,W5,Dq,ZLT} for some [ >4, ¢ > 2 and r > 3}.

Fe={HecG: H< {K171,Ym,W5’,Dq,Zl,T,Z2_7r} for some [ >4, m >4, ¢ > 2 and
r >3}

F;“:{’HGG:HSHf(l,q,r)forsomelz4,q227r23} (i>1).

FB={HeG: H<HE(I,m,qr)forsomel >4, m>i+3,qg>2r>3}(i>2).

FC = {HeG: H<HS(l,qr) for somel >4, q>2,r>3} (i >1).

e FP ={HeG:H<HP(,m,q,r) forsomel >4, m>i+3,qg>2 r>3}(i>3).
The following is the main theorem of this section.
Theorem 9. Let k > 1 be an integer and let H € H(3) with |[H| < k. Then

e HeF, for somei € {1,3,4,5,6} withi <k or

'HEFZAforsomelgigkf?) or

’HEFFforsomeQSiSkz—S or

"HGFicforsomelgigk—S or

’HEFZDforsome3§i§k—5.

Notice that F(3) = J;», FY. Moreover, all the families in the other sets mentioned in

Theorem 9 are also in F(3), and so they are all in H(3). This fact can by derived from the
following lemma.

Lemma 10. The following statements hold:
(1) F{ CFY, F3 CFy, Fy CFg, F5 CF{ and Fg C FL.
(2
(3
(

)
) Leti>1, then FA C F¢.

) Let i > 2, then FZB - Fj‘ for some j > 1.
4) Leti > 3, then FZD - F]C for some 5 > 1.

Proof. Statements (1) and (2) are easy to verify.
Proof of (3): Let i > 2 and H € FB. Since H < HE (I, m, q,r) for some | > 4, m >i+3,
q > 2 and r > 3, we have that H < {Y,,} for some m > i+ 3. Since Zi 3 Zpy forall h >
and all » > 3, then H € FA_,.
Proof of (4): Let i > 3 and H € FP. Since H < HP(I,m, q,r) for some | >4, m >i+3,
q > 2 and r > 3, we have that H < {Y,,} for some m > i+ 3. Since Zi 2 Zpy forall h >

and all » > 3, then H € F¢ O

m—2-*



5 Proof of Theorem 9

First, we prove two lemmas that deal with the inductive part of the proof of Theorem 9.

Lemma 11. Let k > 4 be an integer and let H € H(3) with |H| < k. Suppose that
H £ {Ki3}, H¢F3-4 Jorall1 < j<k—3andH ¢ F} for all2 < j <k — 3. Suppose also
that there are graphs By, By, Bs, Hy € H such that

o By = Ky, for somel > 4.

e By = P,,11 or By =Y, for some m > 3.
e B3 = qu for some q¢ > 2.

o Iy =27, forsomer; > 3.

Then there are graphs Hs, ..., Hi_3 in H and integers ra, ..., Tp—3 such that for all 2 <i <
k-3, Hi=Z;,, and r; > 3. Additionally, m > k.

Proof. The proof is by induction on 1.

Let 2 < i < k — 3 and suppose that there are graphs Hy,...,H;_1 in H such that
H; = Zj,, forsomer; >3 and all 1 < j <i—1. We will prove that there is a graph H; € H
such that H; = Z; ,, for some r; > 3.

Let 7' = max(rl, ce ,’r‘,*_l). Since H < {Kl,la WqQ, Zlﬂ“" ceey Zi—l,r’} and ‘H ¢ Fffh then
H £ {Yit1}. In particular, By = P, 11 or By =Y, for some m > i+ 2.

Since H < {Kl,l,Ym,Wq?,ZLr/, cosZi—1tand H ¢ FB | then H £ {Zi}} for all » > 3.

Since H € H(3), there is a positive integer ng = no(H) such that every H-free connected
graph of order at least ng is claw-free. Let n = max(ng, 3).

Consider G = Z, ,,. Since G contains an induced claw, G must contain some graph in
H as an induced subgraph. Since G contains neither K 4, P35 nor W3 then B; £ G for
all j € {1,2,3}. Furthermore, since Z;3 £ G for all 1 < j < i —1, then H; £ G for all
1 < j <i—1. Then there must be some other graph H; € H such that H; < G.

Since H; ;ﬁ K3, H; ﬁ Y11 and that H; ﬁ Zi, for all » > 3, then H; = Z, ,,, for some
r; > 3. Notice that if r; = 2, then it would contradict that H; ﬁ Yii1.

This concludes the inductive proof. We now prove that m > k. Let i = k — 3. Let
r=max(ry,...,r;). Suppose that H < {Yiio}. Then H < {K1,,Yig2, W7, Z1,0,- .., Zin},
and hence H < H{(l,q,7) (with i = k—3), a contradiction. We conclude that H % {Y;42} =
{Yi-1} and so By = P,,,41 or Bs =Y, for some m > k. O

Lemma 12. Let k > 7 be an integer and let H € H(3) with |H| < k. Suppose that
H & {Ki3}, ’H¢FJC foralll1<j<k-5 and?—[%F]D for all 3 < j < k—5. Suppose also
that there are graphs By, ..., Bs, H1, Hy € H such that

e By = Ky, for somel > 4.

e By =P,,11 or Bo =Y, for somem > 3.
e B3 = Wg’l for some q1 > 2.

o By =Dy, for some gz > 2.

o B5:T;

, or Hs =T,, for some g3 > 1 and

o Hy =27, forsomer; > 3.
o Hy =Zy,, for somery > 3.

Then there are graphs Hs, ..., Hy_5 in H and integers rs, ..., Tp—s5 such that for all 3 <i <
k—5, Hi =2, and r; > 3. Additionally, m >k — 2.



Proof. The proof of this lemma is essentially the same as Lemma 11. The proof is by
induction on 1.

Let 3 < i < k — 5 and suppose that there are graphs Hy,...,H;_1 in H such that
H; = Zj,, forsomer; > 3andall 1 < j <i—1. We will prove that there is a graph H; € H
such that H; = Z; r, for some r; > 3.

Let ' = max(ry,...,r—1). Since H < {Kl)l,Wg’l,qu,TqS,ZLTz,...,ZZ-,LT/} and H ¢
F¢ |, then H £ {Y;41}. In particular, By = P,,41 or By =Y, for some m > i + 2.

Since H < {K1,1,Ym, W2 ,Dgy, Tyy, Zrvt, - Zi—1,0} and H ¢ FP, then H £ {Z; .} for
all » > 3.

Let no be as in Lemma 11. Let n = max(ng,3). Consider G = Z;,,. Since G contains
neither K 4, Pits, W3, Do, Ty then B; £ G for all j € {1,2,3,4,5}. Furthermore, since
Zjs A Gloralll1<j<i—1,then Hj £G forall 1 <j <4i—1. Then there must be some
other graph H; € H such that H; < G.

Since H; ;ﬁ K3, H; ﬁ Y11 and that H; ﬁ Z;’T for all » > 3, then H; = Z, ;. for some
r; > 3. Notice that if r; = 2, then it would contradict that H; ﬁ Yii1.

This concludes the inductive proof.

We now prove that m > k — 2. Let ¢ = k — 5. Let » = max(ry,...,7;). Suppose that
H <{Yit2}. Then H < {Ki,, Y40, W;l,qu,qu,leT, ey Zir}, and hence H < HE (1, q,7)
(with ¢ = k—5), a contradiction. We conclude that H £ {Yi12} = {Yy_3} and so By = P, 11
or By =Y, for some m >k — 2. O

Proof of Theorem 9.
Suppose that H € H(3) and |H| < k. Contrary to the theorem, suppose that

o H¢F, forallic{l,34,5 6} withi<k,

He¢FAforalll <i<k-—3,
H%F?forall2§i§k—3,

HgéFicforalllSiSk—Band
H¢FP forall3<i<k-—5.

Since H € H(3), there is a positive integer ng = ng(#) such that every H-free connected
graph of order at least ng is claw-free. Let n = max(np,3). We will consider several
connected graphs G of order at least n containing an induced claw. By the definition of
H(3), there will be some H € H such that H < G.

Consider G = Kj . Then there is a graph By € H such that B; < G. Since H ¢ Fy,
then H & {K 3}, and so By £ K7 3. We conclude that

e B = K, for some | > 4.

Consider G =Y,,. Since G contains no K 4, then B; ﬁ G. Then k£ > 2 and there is a
graph By € H such that B, < G. Since By £ K 3 then

e By = P11 or By =Y, for some m > 3.

Consider G = W2. Since G contains neither Kj 4 nor Py, then By £ G and By £ G.
Then k > 3 and there is a graph Bs € H such that B; < G. Since H ¢ F3, then H £ {K, }
for all 7 > 3. Since By £ K; 3 and B3 £ K, for all r > 3, then

e B3 = Wqu or Bs = W;’l for some q; > 2.

Consider G = Z;,,. Since G contains neither K; 4, P4 nor W2, then B; ﬁ G for all
i € {1,2,3}. Then k > 4 and there is a graph H; € H such that H; < G (the name H;
will be better understand later in the proof). Since H ¢ Fy, then H £ {Z] .} for all r > 3.

Since Hy £ K1 3 and Hy A Zy . for all r > 3, then
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o Hy =27, for somer > 3.

Case 1: H < {W2} for some ¢ > 2.

Since H < {Wq2} for some ¢ > 2 then there is a graph B’ in H such that B’ < VVq2 for
some ¢ > 2. Notice it may be that B’ = Bj or not. Since B’ £ K; 3 and B’ £ K, for all
r > 3, then B’ = W,? for some g > 2.

By Lemma 11, there are graphs Ho, ..., Hy_3 in H such that H; = Z; ., for some r; > 3
and all 2 < ¢ < k — 3. From the same lemma, we have that m > k and so By = P11 or
By =Y, for some m > k. Notice that {B;, Bs, B', Hy,...,Hx_3} C H. Since |H| < k, then
B’ = Bs and H has no other graphs, namely, H = {B1, B2, B3, Hy, ..., Hp_3}.

Consider G = Zj_3,,. Since G contains neither Kj 4, Pyy; nor W3 then B; ﬁ G for
all i € {1,2,3}. Furthermore, since Z; 3 A G for all 1 <4 < k — 3, then H; £ G for all
1<i<k—3. Then G contains no graph of H, which is a contradiction.

Case 2: H £ {W2} for all ¢ > 2.

Since H £ {W?2} for all ¢ > 2, then
e B3 = Wg’l for some ¢ > 2.

Consider G = D,,. Since G contains neither K 4, Py, W3 nor Zy 3, then B; ﬁ G for all
i €{1,2,3} and H; £ G. Then k > 5 and there is a graph By € H such that By < G. Since
By ﬁ K3, By ﬁ K, for all r > 3, By f qu for all ¢ > 2 and By ;ﬁ ZiT for all » > 3, then

e By = Dy, for some g > 2.

Since H ¢ F5, then H £ {P,}. Then By = P, for some m > 5, or By = Y,, for some
m > 3.

Consider G = T,,. Since G contains neither K 4, P5, Y3, WS, D5 nor Z 3, then B; ﬁ G
forall1 <i<4 and H; ﬁ G. Then k > 6 and there is a graph Bs € H such that Bs < G.
Since H ¢ Fe, then H £ {Z, .} for all » > 3. Since Bs £ K13, Bs £ W2 for all ¢ > 2, and
that Bs A Z;, for j € {1,2} and all r > 3, then

e B; =T, or By =T, for some g3 > 1.

Suppose that H < {Y3}.
Since H < {Ky1,1,Ys, W23, Dg,, Ty, Z1,r, }, then H < HE (I, max(q1, g2, q3), 1), a contradic-
tion (since 1 < k—5). Then we may suppose that H £ {Y3} and so By = P41, 0r Bo =Y,
for some m > 4.

Consider G = Zs,,. Since G contains neither K4, Ps, W3, Dy, Ty mnor Zj 3, then
B; £ G for all i € {1,2,3,4,5} and H; £ G. Then k > 7 and there is a graph Hy € H such
that Hy < G. Since Hy £ K13, Hy A Y3 and Hy A Z;, for j € {1,2} and all r > 3, then

o Hy = Z,,, for some ro > 3.

By Lemma 12, there are graphs H; ... Hy_5 in H such that H;, = Z; ,, for some r; > 3
and all 1 <7 <k —5. From the same lemma, we have that m > k — 2 and so By = P41 or
By =Y, for some m > k — 2. Notice that {Bi,...,Bs, Hy,...,Hp_5} C H. Since |H| < k,
then H has no other graphs, namely, H = {B1,...,Bs, H1,...,Hr_5}.

Consider G = Zj,_4,,. Since G contains neither Ky 4, Pr_1, I/V237 D3 nor T7 then B; ﬁ G
for all ¢ € {1,2,3,4,5}. Furthermore, since Z; 3 A G for all 1 <14 < k — 5, then H; £ G for
all 1 <¢ < k—5. Then G contains no graph of H, which is a contradiction. O
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6 Applications

In this section we show an application of Theorem 3. In particular we show a family of
forbidden subgraphs implying a hamilton path in large enough connected graphs.

Let N be the graph obtained by adding a pendant vertex to each vertex of a triangle.
The graph N is often called “net”. Consider the following Theorem.

Theorem 13 ([9]). Let R and S be connected graphs. Then every {R,S}-free connected
graph has a hamiltonian path if and only if {R, S} < {K13,N}.

Figure 2: The graph N

We use now Theorem 3 to prove a variation of Theorem 13. We remove the limit on
the number of forbidden subgraphs and replace it with the condition of the graph N being
among the forbidden subgraphs.

Theorem 14. Let H be a non-redundant family of connected graphs such that N € H. Then
there is an integer n > 1 such that every H-free connected graph G with |V (G)| > n has a
hamiltonian path if and only if H € F(3).

Proof. Let H € F(3) with N € H. By Theorem 3, we know that every #H-free connected
graph G with large enough order is K 3-free. Because N € H, then by Theorem 13, every
H-free connected graph G with large enough order has a hamiltonian path.

Let H be a family of connected graphs with N € H and such that there is an ny with
the property that every connected H-free graph of order at least ng has a hamiltonian path.
Let n > max(ng,4).

Consider the family H’' = H3(n,n,n,n). All graphs in H’ are connected and have order
at least ng. Moreover, none of them has a hamiltonian path. In the same way as in the
proof of Theorem 3, we conclude that H € F(3). O

Theorem 14 is actually a case of implicit forbiddance, that we discussed in Section 1.
Even though that, so far there was no result on forbidden subgraphs implying a hamilton
path with families of large or infinite size and with an “if and only if” condition. So, we
think the result is interesting by itself.

7 Conclusions

The characterization we were looking for is given by Theorem 3.

We have solved the problem of characterizing H(¢) for any ¢ > 3, but it is also possible
to consider t = 1 and ¢ = 2. It is not difficult to see that F(t) is also the solution for ¢t = 1
and t = 2. In these cases, the corresponding families H!(m,[,q,r) and H2?(m,l,q,r) after
removing redundant graphs are as follows.

L4 Hl(mal7Qar) = {Kl,laKq;Pm}
L4 H2(m7 l7 q, T) = {Kl,la qua Yr?u Zira RN Z’rzan,T}
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The case t = 1 is an easy proposition that can also be found in [5, Proposition 9.4.1].

Theorem 9 characterizes the families of forbidden subgraphs for claw-free graphs when
restricting the size of the family. In the characterization there are four “irregular” families
(F3, Fy, F5 and Fg) before the four infinite “regular” series (F#, FE, FY and FP). We call
them irregular because there is no easy way to see a pattern that describes them. They also
include graphs that are claw-free, which are the result of the intersection of graphs that are
not claw-free. These graphs become necessary because of the restriction in the size of the
family. After Fg, the families “stabilize” and appear the four infinite series.

It is also possible to consider restricting the size of the families of forbidden subgraphs
for K ;-free graphs for ¢ > 4. We think that a complete characterization of such families
may be difficult and very long. In particular, we think that there might be many “irregular”
families and many “regular” infinite series of families.

When searching for forbidden subgraphs implying some property P(G) on graphs, it
makes sense to study only forbidden subgraphs that imply P(G) on graphs that satisfy some
condition, usually related to the necessary conditions for satisfying P(G). For example, in
the case of graphs having a 2-factor, like in the Theorem 1, G should have minimum degree
at least 2 and maximum degree at least 3. Minimum degree at least 2 is a necessary condition
for having a 2-factor; maximum degree at least 3 is to avoid the trivial case a G being a
cycle. Another example is the case of hamiltonian graphs, which have a necessary condition
of being 2-connected, as studied for example in [11, 3].

Usual necessary conditions in the literature (hamilton cycle, hamilton-connected|[2], 2-
factor) appear to be connectivity and minimum degree conditions. When studying properties
with such necessary conditions, Theorem 3 might not be useful to understand if a star is
being implicitly forbidden or not. To try to find generalizations of Theorem 3 that can also
be used in these cases, we propose the following two problems.

Problem 1. Lett > 3 and k > 1. Characterize all the families of connected graphs H
satisfying the following property. Every large enough H-free k-connected graph is K ;-free.

In this paper we were able to resolve Problem 1 for the case k = 1.

Problem 2. Lett > 3 and d > 2. Characterize all the families of connected graphs H
satisfying the following property. Fvery H-free large enough connected graph with minimum
degree at least d is K +-free.

Even a combination of Problems 1 and 2 is possible.
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